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Abstract. Different topographical support bases are used to solve the problems of raising and tracing 
underground mining works.

These are frequently used on polygonal path with two fixed points, where the coordinates of the 
end points are given, and the measured quantities are angles and distances.

Depending on the errors of the quantities measured before processing and the errors after 
processing, the coordinates of the points of the polygonal route and the orientations of the sides 
are determined with the precision, that fundamentally, technically and economically determines the 
execution of the designed mining works.

Keywords: underground polygonal route, measurement errors, reference system.

Резюме. Анализирани са измерванията от подземни скачени полигони. Такива маршрути 
представляват независима основа, които могат да се използват често за безопасно провеждане 
на подземни работи. В статията се подчертава фактът, че при изчисляването на ориентациите 
на страните на многоъгълния маршрут се намесват ъглите, но също и страните. Следователно 
техните грешки на измерване влияят на грешките, с които се получават посоките. В резултат на 
това практическият ефект от анализирания метод е особен, на който специалистите с дейност 
в областта трябва да отдадат дължимото внимание. След това е необходимо да се анализират 
грешките след изравняване на измерванията. Като се използва, например Т критерий или 
Средна квадратна грешка.

Ключови думи: подземен полигонален маршрут, грешки в измерването, референтна 
система.

Purpose and importance of the work
The polygon route with two fixed points is frequently used as a topographic base in 
underground surveying and surveying work.

In this route (Fig. 1):
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- we know:
• x, y coordinates of points A, B, data;
• angles β and distances s, measured.

- it is determined:
• x, y coordinates of points 1, 2, …, n;

It is necessary, that for the determined quantities there is the possibility of exact 
determination of their errors, which are of particular importance in the execution of 
mining works.

The work corresponds to this requirement, using the method of processing the 
measured quantities presented in the following.

Content of the paper
We consider a mining polygon route (Fig. 2), where the coordinates xA, yA and xB, yB  
are given, and the angles β and distances s are measured (Dima et al., 2001).

Two reference systems are introduced (Fig. 2):
• General reference system Axy;
• Particular reference system Ax'y'.

In the general reference system, the sides' orientations are denoted by θ, and in the 
particular reference system by τ (Dima et al., 2009).

Fig. 1. Polygon route with two fixed points.

Fig. 2. A mining polygon route with xA, yA and xB, yB coordinates given and angles β and distances s measured.
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The orientations τ can be calculated with the equalities:
τ1 = 0

τ2 = β ± 200g      (1)
……………………………
τ2 = βn-1 ± (n – 1)200g

and with these the equalities can be written:

𝑥𝑥𝐵𝐵0 = 𝑥𝑥𝐴𝐴 + �𝑠𝑠𝑖𝑖

𝑛𝑛

𝑖𝑖=1

𝑐𝑐𝑐𝑐𝑠𝑠𝜏𝜏𝑖𝑖  
                                        (2)

𝑦𝑦𝐵𝐵0 = 𝑦𝑦𝐴𝐴 + �𝑠𝑠𝑖𝑖

𝑛𝑛

𝑖𝑖=1

𝑠𝑠𝑖𝑖𝑛𝑛𝜏𝜏𝑖𝑖  
                                   

and:

                                                                                                                      (3)𝑡𝑡𝑡𝑡𝜃𝜃𝐴𝐴𝐵𝐵 =
𝑌𝑌𝐵𝐵 − 𝑌𝑌𝐴𝐴
𝑋𝑋𝐵𝐵 − 𝑋𝑋𝐴𝐴

 
            

𝑡𝑡𝑡𝑡𝜏𝜏𝐴𝐴𝐵𝐵 =
𝑌𝑌𝐵𝐵0 − 𝑌𝑌𝐴𝐴
𝑋𝑋𝐵𝐵0 − 𝑋𝑋𝐴𝐴

 

from which it results θAB and τAB that:

δ = θAB – τAB                                                            (4)

δ – the angle of rotation of the particular system with respect to the general system.

With the help of angle δ, the orientations of the sides in the general reference 
system are obtained and with them the coordinates of point B:

  
𝑥𝑥𝐵𝐵′ = 𝑥𝑥𝐴𝐴 + �𝑠𝑠𝑖𝑖

𝑛𝑛

𝑖𝑖=1

𝑐𝑐𝑐𝑐𝑠𝑠𝜃𝜃𝑖𝑖  

         (5)

  
𝑦𝑦𝐵𝐵′ = 𝑦𝑦𝐴𝐴 + �𝑠𝑠𝑖𝑖

𝑛𝑛

𝑖𝑖=1

𝑠𝑠𝑖𝑖𝑛𝑛𝜃𝜃𝑖𝑖  

These coordinates are a function of the measured quantities whose corrections 
they are vβ, vs.

To determine the probable values of the corrections we apply the theory of 
conditional measurements (Dima et al., 2014).

For an additional measured quantity there is a condition or an error equation.
For the axis x the equation has the form:

�
𝜕𝜕𝑥𝑥𝐵𝐵′

𝜕𝜕𝜕𝜕𝑖𝑖

𝑛𝑛−1

𝑖𝑖=1

 𝑣𝑣𝜕𝜕𝑖𝑖 + �
𝜕𝜕𝑥𝑥𝐵𝐵′

𝜕𝜕𝑠𝑠𝑖𝑖

𝑛𝑛

𝑖𝑖=1

𝑣𝑣𝑆𝑆𝑖𝑖 + 𝑤𝑤𝑥𝑥 = 0 
     (6)

            wx = x'B – xB

but:

     i = 1, 2, …, n – 1𝜕𝜕𝑥𝑥𝐵𝐵′

𝜕𝜕𝜕𝜕𝑖𝑖
= −𝑠𝑠𝑖𝑖  𝑠𝑠𝑖𝑖𝑛𝑛𝜃𝜃𝑖𝑖

𝜕𝜕𝜃𝜃𝑖𝑖
𝜕𝜕𝜕𝜕𝑖𝑖

 
  

         (7)
     i = 1, 2, …, n – 1 

𝜕𝜕𝑥𝑥𝐵𝐵′

𝜕𝜕𝑠𝑠𝑖𝑖
= 𝑐𝑐𝑐𝑐𝑠𝑠𝜃𝜃𝑖𝑖 − 𝑠𝑠𝑖𝑖  𝑠𝑠𝑖𝑖𝑛𝑛𝜃𝜃𝑖𝑖

𝜕𝜕𝜃𝜃𝑖𝑖
𝜕𝜕𝑠𝑠𝑖𝑖
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Based on the relation (4) we can write:

                                                         (8)
  
𝜕𝜕𝜃𝜃
𝜕𝜕𝜕𝜕 =

𝜕𝜕𝜏𝜏
𝜕𝜕𝜕𝜕 +

𝜕𝜕𝜃𝜃𝐴𝐴𝐵𝐵
𝜕𝜕𝜕𝜕 −

𝜕𝜕𝜏𝜏𝐴𝐴𝐵𝐵
𝜕𝜕𝜕𝜕  

 
and

 
  
𝜕𝜕𝜃𝜃
𝜕𝜕𝑠𝑠 =

𝜕𝜕𝜏𝜏
𝜕𝜕𝑠𝑠 +

𝜕𝜕𝜃𝜃𝐴𝐴𝐵𝐵
𝜕𝜕𝑆𝑆 −

𝜕𝜕𝜏𝜏𝐴𝐴𝐵𝐵
𝜕𝜕𝑠𝑠  

Points A and B being fixed, it follows:

 
𝜕𝜕𝜃𝜃𝐴𝐴𝐵𝐵
𝜕𝜕𝜕𝜕 = 0;  

𝜕𝜕𝜃𝜃𝐴𝐴𝐵𝐵
𝜕𝜕𝑠𝑠 = 0 

and obvious:

𝜕𝜕𝜏𝜏
𝜕𝜕𝑠𝑠 = 0 

Accordingly:
𝜕𝜕𝜃𝜃
𝜕𝜕𝜕𝜕 =

𝜕𝜕𝜏𝜏
𝜕𝜕𝜕𝜕 −

𝜕𝜕𝜏𝜏𝐴𝐴𝐵𝐵
𝜕𝜕𝜕𝜕  

         (9)𝜕𝜕𝜃𝜃
𝜕𝜕𝑠𝑠 = −

𝜕𝜕𝜏𝜏𝐴𝐴𝐵𝐵
𝜕𝜕𝑠𝑠  

But as in (3) the variables are derived: xB
0, yB

0:

𝑡𝑡𝑡𝑡𝜏𝜏𝐴𝐴𝐵𝐵 =
𝑦𝑦𝐵𝐵0

𝑥𝑥𝐵𝐵0
 

and is obtained:

𝜕𝜕𝜏𝜏𝐴𝐴𝐵𝐵
𝜕𝜕𝜕𝜕 =

𝑅𝑅′

𝑐𝑐  

       (10)
𝜕𝜕𝜏𝜏𝐴𝐴𝐵𝐵
𝜕𝜕𝑠𝑠 =

𝑠𝑠𝑖𝑖𝑛𝑛𝑠𝑠
𝑐𝑐  

  
in which:

c – distance AB;
R'  –  the projections of the rays R on c;
ε – the angle between the sides of the path and c.

With the expressions (7), (9), (10) the equation (6) becomes:

�
𝑦𝑦𝐵𝐵 − 𝑦𝑦𝐴𝐴

𝑐𝑐
𝑅𝑅1

′ − (𝑦𝑦𝐵𝐵 − 𝑦𝑦1)� 𝑣𝑣𝜕𝜕1 + �
𝑦𝑦𝐵𝐵 − 𝑦𝑦𝐴𝐴

𝑐𝑐
𝑅𝑅2

′ − (𝑦𝑦𝐵𝐵 − 𝑦𝑦2)� 𝑣𝑣𝜕𝜕2 + ⋯ 

         (11)
                    

… + �
𝑦𝑦𝐵𝐵 − 𝑦𝑦𝐴𝐴

𝑐𝑐
𝑅𝑅𝑛𝑛′ − (𝑦𝑦𝐵𝐵 − 𝑦𝑦𝑛𝑛−1)� 𝑣𝑣𝜕𝜕𝑛𝑛−1 + 

 

 
+ �𝑐𝑐𝑐𝑐𝑠𝑠𝜃𝜃1 +

𝑦𝑦𝐵𝐵 − 𝑦𝑦𝐴𝐴
𝑐𝑐

𝑠𝑠𝑖𝑖𝑛𝑛𝑠𝑠1� 𝑣𝑣𝑠𝑠1 + ⋯+ �𝑐𝑐𝑐𝑐𝑠𝑠𝜃𝜃𝑛𝑛 +
𝑦𝑦𝐵𝐵 − 𝑦𝑦1

𝑐𝑐
𝑠𝑠𝑖𝑖𝑛𝑛𝑠𝑠𝑛𝑛 � 𝑣𝑣𝑠𝑠𝑛𝑛 + 𝑤𝑤𝑥𝑥 = 0 
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Enter the relationships:

𝑅𝑅𝑖𝑖𝑦𝑦′′ = 𝑅𝑅𝑖𝑖′𝑠𝑠𝑖𝑖𝑛𝑛𝜃𝜃𝐴𝐴𝐵𝐵  

𝑦𝑦𝐵𝐵 − 𝑦𝑦𝑖𝑖 = 𝑅𝑅𝑖𝑖𝑦𝑦  

we obtain:

(𝑅𝑅1𝑦𝑦
′′ − 𝑅𝑅1𝑦𝑦 )𝑣𝑣𝜕𝜕1 + (𝑅𝑅2𝑦𝑦

′′ − 𝑅𝑅2𝑦𝑦 )𝑣𝑣𝜕𝜕2 + ⋯+ 

 
                  +(𝑐𝑐𝑐𝑐𝑠𝑠𝜃𝜃1 + 𝑠𝑠𝑖𝑖𝑛𝑛𝜃𝜃𝐴𝐴𝐵𝐵𝑠𝑠𝑖𝑖𝑛𝑛𝑠𝑠1)𝑣𝑣𝑠𝑠1 + ⋯+ 𝑤𝑤𝑥𝑥 = 0   (12)
or

(𝑅𝑅1𝑦𝑦
′′ − 𝑅𝑅1𝑦𝑦 )𝑣𝑣𝜕𝜕1 + (𝑅𝑅2𝑦𝑦

′′ − 𝑅𝑅2𝑦𝑦 )𝑣𝑣𝜕𝜕2 + ⋯+ 

            + 𝑐𝑐𝑐𝑐𝑠𝑠𝜃𝜃𝐴𝐴𝐵𝐵�𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠1𝑣𝑣𝑠𝑠1 + 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠2𝑣𝑣𝑠𝑠2 + ⋯ � + 𝑤𝑤𝑥𝑥 = 0   (13)

In the considered polygonal route there are two additional measured quantities: 
angle βn-1  and sn (Filip, 2020).

It follows that the condition corresponding to the y-axis which has the form must 
also be considered:

−�(𝑅𝑅1𝑥𝑥
′′ − 𝑅𝑅1𝑥𝑥)𝑣𝑣𝜕𝜕1 + (𝑅𝑅2𝑥𝑥

′′ − 𝑅𝑅2𝑥𝑥)𝑣𝑣𝜕𝜕2 + ⋯� + 

              +𝑠𝑠𝑖𝑖𝑛𝑛𝜃𝜃𝐴𝐴𝐵𝐵(𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠1𝑣𝑣𝑠𝑠1 + 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠2𝑣𝑣𝑠𝑠2 + … ) + 𝑤𝑤𝑦𝑦 = 0   (14)

The system of error equations is:
1
𝜌𝜌′′ ��𝑅𝑅𝑦𝑦

′′ − 𝑅𝑅𝑦𝑦�𝑣𝑣𝜕𝜕� + 𝑐𝑐𝑐𝑐𝑠𝑠𝜃𝜃𝐴𝐴𝐵𝐵[𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑣𝑣𝑠𝑠] + 𝑤𝑤𝑥𝑥 = 0 

         (15)
−

1
𝜌𝜌′′ �(𝑅𝑅𝑥𝑥

′′ − 𝑅𝑅𝑥𝑥)𝑣𝑣𝜕𝜕 � + 𝑠𝑠𝑖𝑖𝑛𝑛𝜃𝜃𝐴𝐴𝐵𝐵[𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑣𝑣𝑠𝑠] + 𝑤𝑤𝑦𝑦 = 0 

The system of normal equations corresponding to the system 15 has the form (Dima 
et al., 2014):

          (16)�
𝑎𝑎𝑎𝑎
𝑝𝑝
� 𝑘𝑘1 + �

𝑎𝑎𝑎𝑎
𝑝𝑝
� 𝑘𝑘2 + 𝑤𝑤𝑥𝑥 = 0 

�
𝑎𝑎𝑎𝑎
𝑝𝑝
� 𝑘𝑘1 + �

𝑎𝑎𝑎𝑎
𝑝𝑝
� 𝑘𝑘2 + 𝑤𝑤𝑦𝑦 = 0 

in which:
a – the coefficients of the corrections in the first equation of the system (15);
b – the coefficients of the corrections in the second equation of the system (15);
p – weights of corrections.

At equal errors the weights are equal and neglected.
However, the weights may also be neglected if the linear error in the unit of 

measurement of the ratio is expressed:

          
𝑒𝑒 =

𝑚𝑚𝑠𝑠

𝑚𝑚𝜕𝜕
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Especially if:
ms = 6 cm
mβ = 4cc

     
𝑒𝑒 =

6
4

= 1.5  

and
   
     
        

6
1.5

= 4 (units of 1.5) 

It should be noted that in the condition equations the sides will be taken in units 
of measure. By solving the system (16) the correlates are obtained and with them the 
corrections using the equations:

vi = ai k1 + bi k2                  (17)
The corrections are added algebraically to the measured quantities, obtaining their 

probable values with which the coordinates of the points of the polygonal route are 
determined (Filip, Dima, 2021).

Conclusion
The measured quantities belong to the underground polygonal routes. Such routes 
constitute independent topographic bases that can be used frequently for the safe 
topographic conduct of underground works.

The article highlighted the fact that in the calculation of the orientations of the 
sides of the polygonal route the angles but also the sides intervene. Consequently, their 
measurement errors influence the errors with which the guidelines are obtained.

As a result, the practical effect of the analyzed method is special, which the 
specialists with activity in the field must give due importance.

Next, it is necessary to analyze the errors after compensating the measured 
quantities with important effect in the precision anti-calculations, using connection 
functions.
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